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1. Introduction 

The work perfomed at; Rtrane Univers%ty, on contract IUS 8-11485 

duping the three nr~nfb period cndiag on JUIY 30, 1%6, was dirceted to the 

etatfstics of band msodeZs. The gurpose or  this phase of the contract is 

to clarify the stat~st;%cal basis of the currenf aodels, fn order t o  be 

able to extend Weir m d i t y  to a broader range of tenperatures and 

pressures. Th5.s work is fn a vary early stage; tMs report I s  essentially 

a review of the m%lable nmterial, aaorstly that of Plass. 



Inspection of P, diagram of Une intensities versus frequency plafnly 

suggcst;ec that the lsain feature of the dhagram is the nearly random distri- 

bation of line intensities and positions. Although it is  krrarn that these 

are connected by qyantm-zechm%cal formuhas, it 6~1ggests that iogreactice 

it lgay be suf'ficient to  consider a random model. 

The statistical model of a band PLS~WBS that the position and *intensity 

of a given spectral lfae c m  be specified only by probabllity i2mctions. 

Ira the derivatbn of StatistScal band models the aosmptions that tbe 

psitiom of the spectral Urns occur at randm within a given mquency 

Internal snd that %here is no correlafioa between the positdons of the 

rsriaus Unes have been made. 'Phe spectral line posittons are represented 

by bdepedent ramdcm variables and the jtntensity 18 also represented by e 

probabixty distribution which I s  independent of the Une position. 

The star t ing  point in the developent of randam band models is Beer's 

exponential law for spectral tranmittance. 

vbarc k 

length of the absarblng &as fn QI. 

the line intuwfty, and b(u) the uj3e shape. 

I s  the jlnesr absorption coeff'lcient I n  cam' and L is the patla 
V 

kv cau also be written In terns of S 
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Let I? (vl, .... vn) &ul,.... bun be the joint probabiuty dens$.-& 

f'unction for line position. It i s  the probability tha% the center ofthe 

first line is in  frequency Interval bl trhen the renter of the erecaad 

is in A.ecpency interval dug &c. up t o  line n. The &an far fre- 

quency I s  taken to be at  the center of a frequency interval of length I). 

This I s  the probability .t'hart the flrst u13e hras intensity in the hate& 

intensity. 



If one assumes that the spectral irbnsitfes  are independent and 

identically distributed, one ha6 

If one aaw Prdkcrp the m y  irapartarrt snd fund-nm 88mi1ption Wt any one 

arrangement of the line positions is equr%ry protr&ly to any other mange- 

meat the joint probab9lity dSsfributian, N(vl-..vn) becanes a constant 

and the average transmfttence in the frequency interval D can be mitten 

as 



interval D regardless of tbe pitha of %he other Unes and that the 

intensities are independent of each &her and the Ifr;e -pos iLia is .  It is 

easily seen that inte@al. over each line is equal tm the integral over 

every other llne, if eash has the same line shape, b(v), so 

Hav oae notes that if the order of in%eegratim is changed the aver- - 
transmittance, T, W i l l  emlve the csufvalermt width of a single m e  

in the freqwrncy interval. D. wsL,D’ 

Consequently one can write 



where cr is  the line half-wtdth. Since D = r, d, where d i s  %he 

average Interval between each spectral line and the average absorption 

A 0 1 - T - - 
one can write 

If one lets the number of lbes  In the band, n, 

is kept constant the frequency interval 

approach hflnity 

wbile the average spaclng, d, 

becomes tnifnite. By expanding the expression one notices that In the limit 

as n approaches tnf%nlty %he average absorptance becomes exponential 

where War; is the equivalent width of e single --a fer ez irijZ&te 

f’requency interval. 

The general expression for absorption from a finite number am3 an 

infinite m b e r  of rand- spaced spectral 1-s I s  given respectsvely by 

WS. (U) upd (32). These equations show that the absorption of a band 

including a l l  effects of overlapping of the spectral Unes can be obtained 

frap two  qupntities, #e equivalent width of a s w e  line In the appro- 

priate Prequency interval and the probabiuty distribution o f t h e  intensities. 

This occurs because of the assumption that the hinet positions are indepen- 

dent of w . (See Eq. 5 )  



For a Lorentz line shape and an inf%nite f’requency internal tihe equiva- 

where 

x = SL/2 n Q 

Eqn. (U) Os c-ed the Landenserg-Reiche formula. 

A statistical band axle1 often used is the random Elsasser model. 

Elsasser band 1s asaua~ed t o  consist of an fnf‘iniee numlber of spectral l ines,  

each with .ehc stwe lntenslty, S, and hlf width eB end as1 %be Ptnes 

are equally space6 by d units from their neighbors. An exact expression 

for absorPa;ion wmed over the  band was first found by Elsasser. 

fractional absorpticm, A, frafegrated overthe frequency range d for an 

EPsasser band is 

The 

The 

A = 10- - [ e  x sinh P/(cosh $ - ma 2) 3 s ” t 9  
2 *  -n 

and x is defined by Eqn. (m) . 
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A t  mall values of x the absorptjon is cztirely determined by the 

total strength of all the absorbing lines and the Elsasecr mi! sf;tistfc~G 

models agree. As x fncreases the results calculented Rcant the two models 

begin to diverge; the Elsaescr the0x-y alweys @ves more absorption (lees 

tranmnission). The reason for th is  is that there is always more overlagging 

of  the spectral lines in the statistical e e l  than with the regular 

arr8ngaBent of Uncs In the glsesser madel; thus for a given pressure and 

28th length the t o t a l  l ine  strength is more efflcient3y used in the  Elsasses 

d e l .  

An actual band has its lines arranged neither ccmpktely at randcar 

nor canpletely regularly. Thc actual pattern is fonsed by the sypqositfon 

ofrnaay a y s h s  of linea. Rencethe absorption c m  be represent& very 

eccurafalJ 

f lopr  of the Blmsrer .nd stati&isal models in fhat it assumes thnt the 

#e randam t J n s s e r  model. The rand= Elsasser is a generaliza- 

absorptfon can be rqpreimrked by the rand- guperpositlon of Elsasser bands. 

vtlad intensities. A8 the amber of' superposed Elsasser bands bcco~ts large 

I - 1  - k ]  
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!l%e equivalent width, W of the ith Elsosser b d  %B 
E l f  

spacing, ha3f width and htansi.t;y are in general different fer cazh 

RLsasscr ban&. 

By the same argument as was used to derive Eqn. ( 5 )  the absospf;ion 

Frcm a rad- superposition of Elsasser bands is 

1 
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